The high-molecular-weight tail of the molecular weight distribution (MWD) of branched polymers formed via free-radical polymerization involving polymer transfer reactions conducted in a continuously stirred tank reactor (CSTR) follows a power-law distribution. The exponent, α, of the weight fraction distribution W(M) ~ M -α is determined by the P b value, which represents the probability that the chain end is connected to a backbone chain, with the simple relationship, α = 1/P b . Since α > 1, the number-average molecular weight will always reach a stationary-state value but the weight-average and higher-order averages of molecular weights may continue to increase without limit under ideal CSTR conditions. Because it takes an infinitely long time for the second or a higher moment of the MWD to go to infinity, the kinetic behaviour is significantly different from usual gelation phenomena. The i-th moment of the MWD goes to infinity for P b ≥ 1/i.
Introduction
Scale-free power-law (SFPL) distributions are a widespread type of distribution found in various complex systems, including the geometry of fractals [1] . SFPL distributions are often associated with self-organizing phenomena, and investigation of the formation mechanism of SFPL distributions may lead to provide new insight into such complex systems.
Theoretical investigations showed that the molecular weight distribution (MWD) of crosslinked polymers formed right at the gel point follows a power-law distribution [2] . At present, it is not clear if polymers with power-law distribution can find novel fields of application. However, it was reported recently [3] that electromagnetic waves could be localized in three-dimensional fractal cavities. Polymers with SFPL distribution may show some interesting properties. To investigate physical properties of polymers with SFPL distribution, one needs to establish a method to synthesize such types of polymers. Practically, it is difficult to obtain crosslinked polymers right at the gel point experimentally, and it is not known how to control the exponent of the MWD.
Recently, it was found that branched polymers formed via free-radical polymerization involving polymer transfer reactions may follow a SFPL distribution if they are synthesized using emulsion polymerization [4] or in a continuously stirred tank reactor (CSTR) [5] . Experimentally reported MWDs of low-density polyethylenes formed in emulsion polymerization [6] and in a one-zone autoclave reactor that can approximately be represented by a CSTR [7] actually showed a power-law relationship [4, 5] .
In this article, free-radical polymerization involving polymer transfer reactions without combination termination conducted in a CSTR is investigated theoretically, focusing the attention to the exponent α of the weight fraction distribution, W(M) ~ M -α . Important characteristics of the SFPL distribution are also investigated.
Results of Monte Carlo simulations of MWDs
The elementary reactions considered in this article are: initiation (rate R I ), propagation (R p ), chain transfer to small molecules such as monomer and chain transfer agent (R f ), termination by disproportionation (R td ), and chain transfer to polymer leading to long-chain branching (R fp ). It is assumed that the polymerization is conducted in an isothermal, constant-pressure, ideally mixed CSTR. MWDs formed after a very long operational time (t → ∞) are considered.
In the present reaction system, the chain length distribution of the primary polymer molecules follows the most probable distribution, whose number fraction distribution is given by:
where r is the chain length (degree of polymerization), and C fm , C fCTA and C fp are the chain transfer constants to monomer, chain transfer agent (CTA) and polymer, respectively. The concentrations of monomer, CTA and polymer radicals are represented by [M] , [CTA] and [R , respectively. The rate constants k ]
• p and k td are for propagation and disproportionation termination, respectively. The parameter x is monomer conversion to polymer. The concentrations [M] , [CTA] and [R , as well as the monomer conversion x reach constant values after a sufficient operational time and, therefore, the parameter τ is constant at steady state.
]
• The probability P b that the chain end of a newly formed primary chain is connected to a backbone polymer chain is given by:
The branching probability, P b , is also constant at steady state.
The Monte Carlo (MC) simulation method described in ref. [5] is used with t → ∞. In this simulation method, the primary chains are connected with an appropriate chain connection rule that accounts for the residence time distribution of primary chains. In the present reaction system, the primary chains whose residence time is larger have a better chance of being attacked by polymer radicals and are expected to possess larger branching density. (The branching density is equal to the probability that a unit possesses a branching point, and is different from P b .) The branched structure formed in this reaction system is highly heterogeneous, and there exists a large variance of branching density among primary chains. The branched polymers formed possess non-random branched structure, and weak governance of order prevails.
In the present reaction system, no combination termination reactions are involved, and the MWDs of primary chains with and without a radical centre are completely the same. Therefore, one does not have to distinguish dead and living primary chains in the present MC simulation method.
The MC simulations are conducted for τ = 0.005; i.e., the number-average chain length of primary chains is np P = 200. The MWDs at t → ∞ are considered by changing the P b values. The simulation condition is the same as that used in ref. [5] , and the MWDs during the transient period can be found therein. A total of 2·10 4 polymer molecules were sampled on a weight basis for each reaction condition. Fig. 1 . log-log Plot of the weight fraction distribution, W(r), for P b = 0.1 -0.5 Fig. 1 shows the log-log plot of the weight fraction distribution, W(r), for P b = 0.1 -0.5, i.e., the relationship between log W(r) and log r. The MWD profiles usually obtained in the GPC analysis, W(log r), can be found in ref. [5] . To prepare the log-log plot of W(r), the polymers generated in the simulation are fractionated by chain length so that the chain length interval on the logarithmic scale ∆(log r) is constant. In Fig. 1 , the P b value is changed from 0.1 to 0.5. In ref. [5] , it was stated that a SFPL distribution is formed for P b > 0.5. However, it seems reasonable to consider that the high-MW tail always follows a power-law distribution for P b > 0. Note that for P b = 0, the MWD follows an exponential distribution given by Eq. (1). The straight lines in Fig. 1 have the slope -1/P b . From Fig. 1 , it may be expected that the high-MW tail follows a power-law distribution, W(r) ~ r -α , with α = 1/P b . Fig. 2 shows the log-log plot of the weight fraction distribution, W(r), for P b = 0.6 -0.9. It is clearly shown that the high-MW tail follows a power-law distribution whose exponent is equal to α = 1/P b .
Assuming that the high-MW tail follows the power-law distribution without limit, one obtains the following results. The number-average chain length, n P , is given by:
Because α = 1/P b >1, n P always stays finite. On the other hand, the weight-average chain length w P is given by: Fig. 2 . log-log Plot of the weight fraction distribution, W(r), for P b = 0.6 -0.9
Eq. (6) shows that w P stays finite only for α > 2, i.e., P b < 0.5. The weight-average MW goes to infinity for P b ≥ 0.5. As discussed in ref. [5] , it takes an infinitely long time for the high MW tail to follow the power-law distribution without limit; the kinetic behaviour is different significantly from usual gelation phenomena where the weightaverage MW goes to infinity abruptly with respect to the reaction time. Because it takes an infinitely long time to obtain an infinitely large-sized polymer molecule, it is reasonable to consider that gelation does not occur in this reaction system, as in the case of linear step-growth polymerization where an infinitely large-sized polymer molecule is expected to be formed when the connection probability p reaches unity, which is impossible.
In usual gelation phenomena, the second and higher moments go to infinity at the same time, however, this is not the case for the present reaction system. Consider the i-th moment of the chain length distribution, defined by:
Assuming the relationship W(r) ~ r -α with α = 1/P b :
Eq. (8) shows that Q i stays finite for α > i, i.e., P b < 1/i. In other words, if the reaction is conducted for infinitely long time in the present reaction system, the i-th moment, Q i , goes to infinity for P b ≥ 1/i. The second moment (weight-average) goes to infinity for P b ≥ 1/2, the third moment (z-average) goes to infinity for P b ≥ 1/3, etc.
In the following sections, the theory that Q i goes to infinity for P b ≥ 1/i is considered in other ways.
Weight-average molecular weight
The second moment of MWD can be obtained on the basis of the statistical theory [8] without being bothered by the existence of polymer radicals having more than one radical (polyradicals). For the present reaction system conducted in a batch reactor, the weight-average chain length, w P , is given by [8] :
where wp P is the weight-average chain length of primary chains given by:
Note that the definition of τ used in this article is different from that used in ref. [8] where the term R fp in Eq. (2) is not included.
The quantity q i defined by the following equation is introduced:
where [M] 0 and V 0 are the initial monomer concentration and the initial volume in batch polymerization, respectively. By using q i , e.g., it is straightforward to show that x = q 1 and xP 2 1 2 w = = . Therefore, the left-hand side of Eq. (9) is equal to dq 2 /dx, and:
We now consider a CSTR shown in Fig. 3 . At steady state, the rate of polymerization, R p , satisfies the following relationship.
Similarly, the growth rate of
, is given by:
From Eqs. (13) and (14), dq i /dx is given by:
By setting i = 2 and substituting Eq. (12) into Eq. (15), one obtains:
, the weight-average chain length w P at steady state is given by:
Eq. (17) clearly shows that w P or the second moment goes to infinity for P b ≥ 1/2, which agrees with the power-law relationship discussed in the previous section. 
Higher-order moments
The moments of the MWD can be derived most conveniently by using the method of moments. However, in the present reaction system the existence of polymer radicals having more than one radical may not be neglected, as polymers with extremely large residence time may possess many radicals. For free-radical polymer modification with crosslinking in a batch reactor, i.e., for random crosslinking of polymer chains, detailed numerical calculations were conducted by Zhu [9] . The following results were reported.
(1) The Flory-Stockmayer equation [10] based on classical statistical theory, = w P ( )
, where ρ is the crosslinking density, is valid even when the existence of polyradicals is fully accounted for. If one does not need the information on the MWD of radicals separately, the statistical equation is convenient to use. In addition, it is possible to calculate the polyradical MWD separately [11] .
(2) The stationary-state hypothesis (SSH) cannot be imposed on the higher-order moments. However, when the SSH is used together with the monoradical assumption in which the existence of polyradicals is neglected incorrectly, the calculated results agree well with the exact calculation. Simultaneous use of monoradical assumption and SSH facilitates the kinetic treatment greatly, and it is advantageous to use such moment equations.
The second result could be explained qualitatively as follows. Under conditions where the existence of polyradicals cannot be neglected, a new radical is generated before another radical on the same polymer molecule causes termination, i.e., the generation rate of radicals on huge-sized polymer radicals is larger than the termination rate of radicals on these polymer molecules. The SSH may not be applied for hugesized polymer radicals and for higher-order moments, even when the SSH is acceptable for the overall radical population (total number of radicals). The SSH may not be valid when extremely large-sized nonlinear polymer molecules are formed.
On the other hand, suppose the SSH is used together with the monoradical assumption, for example, for free-radical random crosslinking of polymer chains. The simultaneous use of SSH and monoradical assumption leads to the following imaginary crosslinking reaction [11] . When the second radical is generated on a polymer radical, this second radical generation process is postponed until the first radical is consumed by crosslinking. The crosslink formation occurs before the formation of the second active centre in this imaginary process. The time sequence of the reactions is changed incorrectly, however, the resulting structure would be the same at the same crosslinking density level.
Similarly, for the branched polymer formation considered in this article, the simultaneous use of SSH and monoradical assumption could be applied, at least, as a reasonable approximation. The moment equations for the present reaction system conducted in a batch reactor are given by [12, 13] :
where np P is the number-average chain length of the primary chains, which is equal
. The definition of y i is described in the Appendix, however, in the present context all one needs to consider is the magnitude of q i , not y i , and one can follow the discussion without being bothered by y i .
Note that Eq. (19) was modified slightly from the originally proposed formula in refs. [12, 13] . Details are given in the Appendix.
For a CSTR at steady state, Eq. (15) holds. Therefore:
The second term on the right-hand side involves moments lower than the i-th one, and is smaller than q i . Assuming a finite value for the second term and representing it by Z i-1 , the following relationship is obtained:
Eq. (22) shows that q i goes to infinity for i 1 b ≥ P , which agrees with the power-law relationship discussed earlier.
Comparison with experiment
As shown in Fig. 1 of ref. [5], the MWD of a one-zone-autoclave low-density polyethylene (IUPAC Alpha) reported in ref. [7] shows the power-law relationship W(r) ~ r -α with α 1.3. A single ideally mixed CSTR may not be a highly realistic representation for a one-zone-autoclave reactor. In addition, the synthesis of low-density ≅ polyethylene (LDPE) may involve such reactions as chain scission and combination termination [14] that are not accounted for in the present simplified model analysis. However, considering the fact that the SFPL distributions are found everywhere in nature, the power-law distribution would be robust and insensitive to small deviation from ideality.
In this article, I proposed the relationship α = 1/P b and, therefore, for the LDPE reported in ref. [7] , P b = 1/1.3 = 0.77 is expected. Assuming that chain transfer reactions dominate primary chain formation, P b is given by:
where C fm is the monomer transfer constant, and C P is defined by Eq. (3).
According to ref. [15] , C = 1·10 
Comment on emulsion polymerization
During interval II in emulsion polymerization, the monomer concentration is approximately kept constant. The primary polymer molecules formed during interval II conform to the most probable distribution given by Eq. (1) if (i) chain transfer reactions dominate the primary polymer formation or (ii) the system satisfies the simple 'zero-one' system [16] with a constant radical entry interval. (Note that the definition of τ given by Eq. (2) needs to be changed for emulsion polymerization as shown in Eq. (4) of ref. [4] .) Under these conditions, the parameters τ and P b are kept constant during interval II, as in the case of a CSTR discussed in this article. Therefore, if interval II is kept for a very long time, the MWD of branched polymers formed in emulsion polymerization approaches that formed in a CSTR at steady state.
In ref. [4] , it was stated that the power-law distribution is formed only for P b ≥ 0.5. However, on the basis of the discussion made in this article, it is reasonable to consider that the high-MW tail approaches to power-law distribution for P b > 0. The exponent of the weight fraction distribution, W(M) ~ M -α , would be α = 1/P b . A more detailed discussion on emulsion polymerization will be reported separately.
Conclusions
The free-radical polymerization involving polymer transfer reactions without combination termination conducted in a CSTR is considered theoretically. It was found that the high-molecular-weight tail of the MWD follows a power-law distribution, W(M) ~ M -α . The exponent, α, satisfies the simple relationship α = 1/P b , where P b is the branching probability that represents the probability that the chain end is connected to a backbone chain. This relationship agrees reasonably well with the experimental data for a one-zone-autoclave LDPE reported in literature.
Assuming that the power-law relationship holds for the high-MW tail without limit, it is possible to show that the i-th moment of the MWD goes to infinity for P b ≥ 1/i, which agrees with the results obtained from the moment equations. In other words, the strange phenomenon that the higher moments go to infinity while lower moments stay finite can be rationalized from the fact that the MWD follows the power law. The number-average molecular weight, which is the ratio of the first to zeroth moment, can always reach a stationary-state value but the weight-average and higher-order averages of molecular weights may continue to increase without limit under ideal CSTR conditions. Because it takes an infinitely long time for the second or a higher moment to go to infinity, this kinetic behaviour cannot not be considered as gelation.
Polymers with an SFPL distribution may find unique applications in the future. In addition, the present theoretical investigation may provide insight into the formation mechanisms of SFPL distributions that prevail in various complex systems.
Appendix: Derivation of Eq. (19)
Eq. (19) is slightly different from the original formula [12, 13] . In this appendix, it is described how Eq. (19) in the text is derived from Eq. (19) of ref. [12] . Note that in refs. [12, 13] (19) in the text.
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